Chapter IV

dn the Demand for Annyities

1. Introduction

Uncertain 1ifetimes induce two different types of
insurance markets: [a) annuity, and (k) Tife dnsurance.
The annuity market differs ¢rucially from tﬁe life
insurance mafket in two important respects: (1) The
demand far {term) Tife insurance will be generated by a
bequest motive; (2) the demand for 1ife insurance will be
positive if the decisiocn-maker {dm) chooses to harrow
against future income streams. On the other hand,
intertemparal decisieon making with uncertain 1ifetimes
alone 13 4 strong enough motivation far the existence of
an annzity market.

In this paper, we shall investigate how survival

- probabilities (and langevity), transactions cost and

attitude towards risk affect the demand for anmuities.
Some of the results are counter-intuitive. These resﬁ]ts
heed not carry over to the 1ife insurance market because
of the fundamental differences betwesn an annuity and the
1ife -insurance. The paper is organized as follows:
section 2 lays out the basic two period framewark in which
the analysis is carried out in section 3. Section 4
concludes with 4 discussion of Duf results and directions

for future research,
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2. Model

The Tifetime of the dm is divided into two {discrete)
periods, The dm has a positive probability 1-p (0 < p <
1} of dying at the end Df.thE first periad. Let.ci {x 0]
be the ith pericd consumption of the dm (i=1,2). We
assume that the dm max%mizes a wvon Meumann Morgenstern
utility functian of the form

uer) + pvica). (1)

Mote that u s not necessardily equal to v indicating a
passible state dependent utility function. In order %o
isolate the problem we shall assume thal the dm receives a
certain endowment of w in the first period and none in the
secnnd; Thus, the anly uncertainty in the. model comes
from the 1ifetime uncertainty of the dm.

To specify the budget constraints we need to indicate
different means by which the dm can transfer wealth
hetwean périods. We assume that there is a ane-for-one
storage (i.e., one unit saved in period one remains one
unit in the secaond periﬁd regardiess whether the dm is
alive or dead]. The other means of fransferring wealtn is
by & purchase of an annuity contract, An annuity cantract
pays a predetermined amount in the second period 1f the dm
survives through the end of period one, and it pays
nathing of the dm dies at the end of period one.

Therefore, the amounts contributed by all annuitants 1in
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period one is amortized among those who survive through
period tWwo {a fraction p of those who bought the annuity
contracts survive), Thus, in the absence of any
transactions cost, a purchase of a $1 annuity yields $1/p
under perfectly competitive markets. For axample, if
eyeryone has a probability of survival of 0.5, an annuity
purchase of $1 would be worth $2 in period two for those
who suryive 5ecause half of the individuals have died and
have no claim over the annuity payment in period two.
Define R as the gross rate of return on annuity. Then, Tt
15 clear from the previous discussion that

R = 1/kp {2)
where « is the propartional Teading factor. The value af
k depends, in part, on the cast of administration {ar
expense loading) and in part the degree of departure from
a perfectly competitive market. If k = 1, the annuity
market is deemed to be actuarfally fair. A& standard
practice in the imsurance Titerature is to assume k > 1.
(See Fischer (1973, p. 134), for example). Lynch {1967)
has shown that for term Vife insurance, k is indeed
greater than unitj. The existence of one-for-one storage
in addition to annuity contracts generates an interesting
questian: will the dm use both the annuity and the
starage to transfer wealth between the two periods? The
answer is negative except for the borderline case of

k =1/p. 1In the absence of any baquest metive, the szole
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concern of the dm is the [risk adjuétedj rates of return
of various assets. If k > 1/p, then from (2) we get R < |

1. Therefore, the dm will get a higher rate of refurn
from storage. Thus, far k > 1/p, no annuity will be
purchaseﬂ. Similarly, for k¥ < 1/p, no storage will be
used. For k = 1/p, the dm wil1 be indifferent between
storage and the annuity. If the annuity is not purchased
at all, a rise in the loading factor will not affect the
demand for -anniity contracts (the demand will be zero in
a1l situations). Our focus here is an annuity demand,
Therefore, we shall assume k < 1/p for the rest of the
paper.
Thus we have the budget ronstraints of.the dm as
€1 < w-a (3]
€2 < aR. : (4)
where a is the amount aof annuity purchased by the dm,
For the results In the next section, we need a few
definitions. Following Sandmo [1970), we define
(intertemporal} relative risk avarsion function
| Ry(x} = =xv"{x)/v'(x) for x 2z 0.
We also need to make the concapt of "attitute towards
Fisk" more precise in our two-period framewark. Let fwo

dms have utility functions

]

UlCl,cg) = ugen) + pufc2) (5}

V{c1,c2)

1l

v{cl) + pv(cZ} (6)




Definition: ¥ is said to be more risk averse than U if

and'0n1y_if y(x) =_f{u{xj} for 1 2 0, where § i3 same
function with f'ij > 0 and 7"{x) < 0 for X z.ﬂi

The above definition of "more risk averse” is téken from
KihTstrom and Wirman (1974) appropriately modified for
intertemporal choice. We should note that each'dm has the
same prﬁhabi]ity, 1 - p, of dying at the end of period
ong. If this probability varies across individuals, the
simple comparison of them {in terms of risk aversion) will
no longer be possible. We should aisc note that in (1) we
have allowed for a state dEpEHdent utility function, but
in {5} and (6) we do not.

Assumpticn (AY): u', ' > 0 and u", v" < 0 with

Timo'(x) = limw'{x) =0, Timu'(x]) = THm v' (x] ==
o ow LR £ -> 0 x -> 0

Given assumption [Al}, the maximization of (1} subject
to (2], (3) and (4) produces an interior solution for
a{=a*, say). The solution is uniquely charaﬁterized by

the follawing Tirst order condition:

u'w-a*) = vi{a*/kp}/k _ (7]
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3. Results
Usinhg the model of section 2, we.can study the effects
of changes in the Toad factor, survival pruhabiI%ty and
the risk aversion on the optimal dEmaﬁd for annueity a*,
The simplest result connects the survival probability and
the optimal demand for annuity.

Proposition 1: Under {Al], & [(small} increase in the

probability of survival induces the dm to buy more annuity

ie., da%idp » 0,

Progf: Implicitly differentiating (5} we get

© 3k -a*y"
37 KZp-u"=v"7pk2]
which is positive by (A1) as u", v" < 0. q.E.0L.

Levhari and Wirman (1977) have shown in a general
T-period amodel that an 1ncrea5é in the survival
probability induces the dm ta save more [they have
considered the market for transferring wealth from one
period £o another only througn saving, 1.e2., no anniuty
market exists). However, this generalify was achiéved at
the cost of assuming u{ctj = cdt/a for every t. dur
utility function is mmfe general; s¢ is our market for
transferring wealth, But we were unable to generalize the

result for the n-period case without restricting the

utility functian.




Remark  In this two period model, there is a linear

re1at{0nship between Expécteﬂ length of 1ife {which equals
{(1-p}+1 + p+2 = p+1} and the survival prubabﬁ]ity-pi
Thus, a change in the expected length of life is
equivalent to a change in the survival probability. Thus,
we can reinterpret Propesition 1 by sayihg.that it
fepresents the change in optimal annuity purchase due to a
change 1n expected 1ife.
Williams (1985) writes "The author believes that

Jonger Tifetimes decreases the demand for life
annuities,” (emphasis added). This seems to contradict
proposition 1. To understand this sesming 1ncan5istency,
we need to take a closer look aft the (implicit) model
Will{iams has used. With a number .of numerical examples he
shows tﬁat the rate of return on anneity investment
decreases as the Tongevity increases (Table 2}, In our
two period model, it amounts to saying that if p increases
then R decreases (which 15 evident from eguation {2)}. 1In
the Timit, when p rises abave 1/k, the individual will
simply choose storage instead of buying annuity
contracts. The discussion in Williams's paper clearly
revolves around the rate of return on annuity contracts.
This point 15 ﬁlear when he writes "If the human beings

were to Tive forever, the annual annuity income would be
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the same as the annual interest on a $10ﬁ0 investment.
The demand for 1ife annuity will completely disappear.”
In aur model, the utility function contains a term
invalying the survival probability: Iﬁ Williams's
implicit model, the probability of sur?iva]-enters anly 4as
a "price" of the annuity contract. Thus, his conclusion
in simple economic terms is that if the price of a
{narmal) good increases (which will be true for annuity
cantracts, as the survival probability increases), then
less 0% 1t will be purchased. Since our model puts
additiuna?IQEight to suryival probablity (through its
inclusien in the utility functien), it is not surprising
that we arrive at a different canclusion.

Froposition 2: Under {Al}, & rise in the load factor k

leads to an increase {decrease)] in the optimal annuity
purchase if the relative risk aversion Ry is greater
(less) tham unity, i.e.,

daxfd k> 0 (< 0) if Ry > 1 [ <1).

Froof: Differentiating (7} we get:
[-u" - v"/kplda*/dk = —v' = v"(x)x = A (say},
where x = a*/kp. Then,

A =.—v'{x] - v"(x]x

v {x] * Ryfx}v'(x) = v'(x) [Re(x)-1].
Thus, & > 0 (<0} 3T and only if Ry(x) > 1 (<1}, by AlL}.

{.E.D.
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Proposition 2 illustrates the importance of the-re1a£f¥e
risk av&rzfon function on the annuity purchase. An
increase in transactions cost or expense loading (say, by
added indystry regulation} does not npecessarily lead fo a -
Tawer or higher demand for annuity. Note also that this
result 1s mathematically equivalent of the respanse of
saving due to a charige in the intertemporal interast rate
(Katz and Paroush (1981]).

Let a*, and a*v be the optimal choices of annuity |
‘purchases by the individual with utility functions (5} and
.{EJ respectively when they are faced with the constraints
(2), {3), and [4). How do &y znd wy compare? We show
that it depends crucially on the Toading factor k in the
following way:

Theoram 1: @, smaller, equal or larger than a*y as k is
gfeater, equal or less than unitj.
Ezgéj: The opptimal first order condition for optimizatian

can be written as:

ufw-a*yy 1 v (W-ERy)

u'fa%,/pk) k v'{a*y/pk)
First, 1st k = 1. Then by (A1),

W-a¥y = a*y/p, d.e., @y = w/(l+1/p)
and H’ﬁ*lur = a*\,r,l'lp,. i.a,, 8%y = '-M'fl:l"'la'rp]-
That 1s, a*y, = a*.

Let k > 1. Then by (8] v'({a*y/pk} » v'(w-a*v}, i e.,




ah
Ay/pk < w-a¥y or, U'(@Fvspk) > u'(w-a¥v) (because u*, v"

< Q). Therefore £ (u'{@*y/pk)}) < ' (u'(w-a*v)), 1.e.,

1o Frut ey pk) M (Ut (w-aty)). ()

fﬁom.[H]_we have
u'(w-a*uj - Fru'{w=a*y)) ,u'[wW-a*y) (10}
u'(8%y/pk) frlu'(a*v/pk}] u'{a*y/pk]
.Ey using (9) in [lﬁ} we get
wwaty) o wety) (11)
GTlEFpk)  WTEpK)
Juppose now a*; » a*y.,  THen _
u'{a* pk) < u'[a*}fpk] (12}
and
Utw-a¥ ) 2 Ut (w-aty) (13}

Combining (12] and {13} we get

u' (@ y/pky >'1 . ' (w=a%y) (14)
uTTEE g spk ) - ot (w=a*y)

Rewriting (141},
u'(w-a% ) Ul (w-a® )

RGNS uT(aRe/pk)

I
—-
—
(8]
—

But (13) contradictz (11). Therefore a*y < %y,
3imilarly, we can show that if k < 1 then a*| > g%y,

0.E.D.

To see the importance of Theorem 1 and to put the result

in perspective, it 1s useful to examine how such questions
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have been dealt with in the literature. - Hakansson (1969)
shows that for a class of utility functions(u{x} = v{x] =
xa/a) and for less than actuarially fair_mafket (i.e., k>
1), higher risk aversion {as measured by a) leads to a
_1awer.demand for annuities. However, for k = 1 and k < 1,

he writaes as follows it is not neceésar11y true

that the more risk aversive the individual s, the more he

will favor present censumption at the expense of futurs
consumption”(p. 45?}. More "present cansumption®
translates ta lower annuity demand in our model. Theorem
1 resnlves.thﬂ ambiguity referred to by Hakansson for the
two peripd model. The class of utility functions he
considers are the constant relative risk aversion type.

In terms of our model it means that Ry [defined in section
2] is independent of x. Therefore, Theprem 1 extends
Hakansson's result to a far more general class of utility
functions. However, the generality of Hakansson's rasult
has been achieved at the cost of restricting the model to

two periods.
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4. Conclusion

This paper determines a change in the demand for
-anneities due to exogenous changes in the transactions
cost for an annuities, suryival prabahi1ities:and
attitudes towards risk., MWe have ﬁnterpreted & change in
k., & proportional Toading factor, as a change in the
transactions cost. We should emphasize the fact that .all
the comparative statics ré5u1ts arise from the subjective
beTief of the decision-maker {dm). In other words,
Propositicns 1 and 2 will hold as long as the dm believes
that p(or k) has changed regardless whether p {ﬂr.k} has
actually changed or not. '

Future research in this area should tackle two important
questions: Do these results generalize (1] if the
individuals have bequest motives? (2] if the decisions
are made aver mare than ftwo periods? Our canjectuke ié
that such generalizations would require additianal

restrictions on the utility functions.
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